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IceCube has detected many TeV–PeV neutrinos, but their astrophysical origins remain largely
unknown. Motivated by the observed late-time X-ray/optical bumps in some gamma-ray bursts
(GRBs), we examine the correlation between IceCube neutrinos and GRBs allowing delayed neutri-
nos ∼ days after the prompt gamma rays and suggest a few potentially correlated events. We show
in a model-independent way that GRB sites capable of producing late ∼ PeV neutrinos should be
nonrelativistic or mildly relativistic. We estimate the diffuse neutrino flux from such sources and
find that they can possibly account for a few IceCube events. Future observations of high-energy
neutrinos and late-time GRB afterglows can further test the above proposed connection.
Introduction.—High-energy (HE) neutrinos of TeV–
PeV have been detected by the IceCube Neutrino Ob-
servatory [1–4]. Although blazars have been confirmed
as a source for such neutrinos [5, 6], constraints from dif-
fuse γ-rays indicate that they can only account for <∼ 50%
of the IceCube events [7–9]. Therefore, the origin of the
majority of these events remains to be identified.
Gamma-ray bursts (GRBs) have long been proposed
as one of the most promising sites for producing HE
cosmic-rays [10] and HE neutrinos [11, 12]. In the stan-
dard fireball model, γ-rays are produced via synchrotron
radiation of electrons accelerated by internal shocks or
via inverse Compton scattering of lower-energy photons
on these electrons [13–15]. Similarly-accelerated protons
can interact with the γ-rays to produce charged pions,
which then decay to produce HE neutrinos [11]. These
neutrinos are expected to reach the Earth almost simul-
taneously with the prompt γ-rays. However, correlation
analyses indicate that these prompt GRB neutrinos can
contribute only <∼ 1% of the IceCube events [16–20]. In
the case of long GRBs associated with collapsars, precur-
sor neutrinos may also be expected when the fireball is
still propagating inside the stellar envelope that is opaque
to γ-rays [21–25]. The contribution of such neutrinos
is again tightly constrained by correlation searches with
wide time windows [16, 17].
References [26–33] studied long-term neutrino emission
associated with electromagnetic (EM) radiation of the
standard GRB afterglow produced by external shocks.
However, the estimated flux of these neutrinos is so low
that none should have been detected by IceCube [32].
Their detection may only be possible with longer expo-
sure time or with the upcoming larger observatories such
as IceCube-Gen2 and KM3NeT.
Interestingly, observations show that erratic X-
ray/optical flares occur ∼ 102−3 s after the prompt γ-
rays in many long and short GRBs, which cannot be ex-
plained by the standard afterglow theory [34]. HE neu-
trino flashes could be produced along with these flares
and contribute more to the diffuse neutrino background
than the prompt GRB neutrinos [35]. In addition, ob-
servations show that for a significant fraction of GRBs,
late-time X-ray/optical bumps occur with a peak around
tp ∼ 1 day and a width of ∼ tp [36, 37]. The mecha-
nism producing such late-time emission is unclear, but
the associated energy budget can be comparable to or
even larger than that of the prompt radiation [37]. If
these bumps are produced by shocks, like the prompt
bursts, then associated production of HE neutrinos can
occur, via decay of charged pions from the pγ reaction,
at ∼ 1 day after the prompt γ-rays.
In this Letter, we first carry out a similar search to
Ref. [38] for any correlation between the IceCube events
and the prompt emission of GRBs over a time window
up to ±20 days. We find that a few IceCube events are
potentially correlated with GRBs with a delay of ∼ 1
day. We further show that if the late-time EM bumps
of GRBs are indeed associated with HE neutrinos, then
strong general constraints on the properties of the pro-
duction site can be derived. We estimate the correspond-
ing diffuse HE neutrino flux from the relevant sources
and the probability of its detection by IceCube. We also
discuss how future observations can greatly strengthen
our proposed connection between HE neutrinos and late
bumps of GRBs.
Correlation analysis.—We perform an unbinned like-
lihood analysis of the correlation between the IceCube
events and the observed GRBs (see Supplementary Ma-
terial for details). For a model-independent study, we
only use the directional and temporal information. To
construct the likelihood function, we introduce a tem-
poral parameter Tg to characterize the time difference
between a correlated pair of neutrino event and GRB,
where Tg > 0 (Tg < 0) corresponds to the neutrino event
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FIG. 1. Panel (a): p-value as a function of Tg, which charac-
terizes the time difference between a correlated pair of neu-
trino event and GRB. Panel (b): 90% CL upper limit on the
number of events correlated with GRBs as a function of Tg.
occurring after (before) the prompt γ-rays. We further
calculate the p-value that indicates the chance of random
coincidence. Figure 1(a) shows the p-value as a function
of Tg. The lower the p-value is, the more likely there is
a true correlation. In this sense, the most significant p-
value (the so-called pre-trial p-value) is ≈ 9.5× 10−3 for
Tg ≈ 0.78 day. The corresponding best-fit number of cor-
related pairs is nˆs ≈ 4.7. The post-trial p-value of ∼ 0.47
indicates that the data are still consistent with the null
hypothesis (random coincidence only). Consequently, we
can set an upper limit on the number of IceCube events
correlated with GRBs as a function of Tg, which is shown
in Fig. 1(b). The allowed correlated event number tends
to increase with |Tg| simply due to random coincidence.
However, excesses above this smooth general trend may
indicate true correlation. In particular, the large excess
at Tg ∼ 1 day motivates us to further explore the possible
connection between HE neutrinos and late GRB bumps
on this timescale. Note that our results are in quanti-
tative agreement with those in Ref. [38] except that we
explicitly distinguish the cases of Tg > 0 and Tg < 0.
Based on our analysis, we list some potentially cor-
related pairs of IceCube events and GRBs in Table I of
the Supplementary Material. Unfortunately, no late-time
optical data at ∼ 1 day were recorded for any of these
GRBs, and for GRB110503A with X-ray data up to 106
s, no bump was observed. So current observations are un-
able to shed light on the association of HE neutrinos with
the late EM bumps. Below we consider that like these
bumps, these HE neutrinos could occur in both long and
short GRBs.
Model-independent constraints.—The late flares or
bumps are believed to be related to the late central en-
gine activities of GRBs [34, 39]. Although the exact
origin remains unclear, various mechanisms were stud-
ied, including scenarios with two-component jets [40], re-
freshed shocks [41–43], late reverse shocks [44, 45], and
density bumps [46, 47], etc. Motivated by these studies
and the hint from our analysis of the correlation between
IceCube events and GRBs, we consider that HE neutri-
nos are produced by pγ reactions between HE protons
and photons of the late bump, both of which arise from
particle acceleration by shocks in some late outflows. We
show that stringent constraints can be put on the relevant
site, which is required to accelerate protons to sufficient
energy, facilitate efficient transfer of energy from protons
to neutrinos, and promote HE neutrino production by
avoiding meson cooling.
As cooling due to synchrotron radiation and the Bethe-
Heitler process (pγ → pe−e+) is less significant for the
energy range explored, the maximal energy of acceler-
ated protons, E′maxp , can be estimated by equating the
cooling time scale due to pγ reactions, t′pγ , and the time
scale for proton acceleration by shocks, t′acc. Here and
below, primed quantities refer to the comoving frame of
the shocked outflow. Detailed calculation of t′pγ is given
in the Supplementary Material. A good approximation
of t′−1pγ for a HE proton with energy E
′
p is [48]
t′−1pγ ≈ 5× 10−15 (R217Γ2)−1LisoR,45(E′p/GeV) s−1, (1)
where R is the typical shock radius, Γ is the Lorentz
factor of the shocked fluid, LisoR is the observed isotropic
R-band luminosity of the bump, and the notation Ax
means A/10x in cgs units. The acceleration time scale is
approximately given by
t′acc ∼ θFE′p/(eB′c) ∼ 10−3 (E′p/GeV)(G/B′) s, (2)
where θF = 10 is the acceleration constant used in our
study [49], and B′ is the magnetic field. Introducing
R as the ratio of energy radiated in R-band to that in
all EM bands, e as the fraction of the internal energy
of the shocked fluid deposited in electrons, and B as the
energy fraction stored in magnetic field, we estimate B′ ∼
(2LisoR B/ReR
2Γ2c)1/2 (see Supplementary Material for
details). With t′acc = t
′
pγ at E
′
p = E
′max
p , producing a
typical HE neutrino of Eν,ob ≈ 0.05E′pΓ/(1 + z) requires
R17Γ
3 ≥ 5× 10−4
(Eν,obzˆ
PeV
)2(
LisoR,45
R
0.03
· e
0.1
· 0.1
B
)1/2
,
(3)
where zˆ ≡ (1 + z)/2 with z being the redshift.
The fraction of the energy transferred from protons to
neutrinos can be estimated as
fpγ ∼ t′dyn/t′pγ ∼ 0.65 (R17Γ4)−1LisoR,45(Eν,obzˆ/PeV),
(4)
where t′dyn ∼ R/(Γc) is the dynamical time scale. Hence,
efficient transfer requires
R17Γ
4 <∼ 0.65 LisoR,45
Eν,ob
PeV
zˆ. (5)
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FIG. 2. Bounds on the shocked outflow radius R and Lorentz
factor Γ for efficient production of PeV neutrinos from late
GRB bumps. Red crosses represent typical R and Γ for the
standard GRB blast wave at tob = 1 day. See text for details.
Because production of HE neutrinos relies on the de-
cay of pi± and µ±, the latter particles should not suffer
significant energy loss from synchrotron cooling. Requir-
ing the synchrotron cooling time scales t′syn(E
′
pi,µ) (see
Supplementary Material) to exceed the decay time scales
t′dec(E
′
pi,µ) = (E
′
pi,µ/mpi,µ)τpi,µ, where mpi,µ and τpi,µ are
the relevant masses and lifetimes, we obtain two addi-
tional constraints:
R17Γ
2 >∼ ξpi,µ
Eν,obzˆ
PeV
(
LisoR,45
0.03
R
· 0.1
e
· B
0.1
)1/2
, (6)
where ξpi ≈ 1.1 × 10−3, ξµ ≈ 10−2, and we have taken
E′pi ≈ 2E′µ ≈ 0.2E′p.
In addition, for efficient particle acceleration, the shock
should not be radiation-mediated [25], which requires
R17Γ
3 >∼ 5× 10−4 LisoR,45
0.03
R
· 0.1
e
(7)
for shocks similar to internal shocks. The above con-
straint is the same as Eq. (5) in Ref. [25] for a typi-
cal relative Lorentz factor Γrel = 10
0.5 between fast and
merged shells.
Taking LisoR = 10
45 erg/s, R = 0.03, e = 0.1,
B = 0.1, zˆ = 1, and Eν,ob = 2 PeV, we show all of
the above constraints in Fig. 2. It can be seen that effi-
cient production of PeV neutrinos from late GRB bumps
only occurs in a small region of the R–Γ space, e.g.,
R ∼ 2 × 1015 to 1017 cm at Γ ∼ 1 and R ∼ 8 × 1013
to 2× 1014 cm at Γ ∼ 5.
We now compare several models with the constraints
in Fig. 2. Consider an adiabatic external blast wave
with a total energy E0 propagating in the interstel-
lar medium (ISM) with a uniform density n0. Its ra-
dius evolves as R(tob) ≈ 4Γ2(tob)ctob/zˆ with Γ(tob) ≈
7(E0,53/n0)
1/8[tob,day/zˆ)]
−3/8 [31]. The R–Γ relation for
typical GRBs with 10−2 < E0,53/n0 < 102 at tob = 1 day
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FIG. 3. Diffuse neutrino background per flavor from late
bumps for (R/cm, Γ) = (1016, 2), (1015, 2), and (1013, 10).
The observed flux at IceCube fitted to a single power-law [51]
is shown for comparison. See text for details.
is shown as the red crosses in Fig. 2 and corresponds to
fpγ ∼ 10−6–10−2. The resulting neutrino fluence is fur-
ther suppressed because the associated afterglow is much
less luminous than the bumps. Similarly, models involv-
ing a two-component jet or refreshed shock are not ef-
ficient in making HE neutrinos associated with the late
bumps, as they have similar or even larger values of R
and Γ compared to the external blast wave.
Models invoking density bumps can generally have
fpγ ' 1 with low Γ (see e.g., [46, 47]). However, for
the energy deposited in the shocked ISM to account for
the observed brightness of the late bump, the ISM den-
sity needs to be as high as ∼ 5 × 103 cm−3 Γ11(Γ −
1)−1EisoR,50(0.1/e)(0.03/R), where E
iso
R is the total en-
ergy emitted in R-band (see Supplementary Material).
Due to the high power dependence on Γ, density bump
models only work for nonrelativistic or mildly relativistic
shocks with Γ <∼ 2. Another possible scenario is the inter-
action between a slightly later jet with the cocoon driven
by the prompt GRB jet, where the bump/flare at late
times can arise from nonrelativistic or mildly relativis-
tic shocks [50]. Note that any such outflow with Γ <∼ 2
launched at a time  1 day would reach R ∼ 1015–
1016 cm at tob ' 1 day (see top dashed curve in Fig. 2),
consistent with the allowed region shown in Fig. 2.
Diffuse flux and events expected at IceCube.— We now
estimate the expected flux of HE neutrinos produced by
GRB sources with late bumps considering the above con-
straints. We take Fp ≡ dNp/dEp = ApE−2p e−Ep/E
max
p as
the cosmic-ray spectrum for a typical GRB. Assuming
most of the shock energy goes to accelerating protons,
we have
∫
FpEpdEp ≈ Ebump/e, where Ebump ∼ EisoR /R
is the isotropic energy emitted in all EM bands from the
bump. We take
∫
FpEpdEp ∼ Ap ln(Emaxp /Eminp ) ∼ 15Ap
for Eminp ∼ 10 GeV and Emaxp ∼ 107−10 GeV. The diffuse
neutrino background flux per flavor from the late bumps
4can then be estimated as [25, 35]
E2νΦν+ν¯ ∼
c
4piH0
fbumpFpE
2
p
min[1, fpγ ]
2× 4 RGRB(0)fzfsup
≈2× 10−10 GeV cm−2 s−1 sr−1 min[1, fpγ ]
×
(
RGRB(0)
2 Gpc−3 yr−1
)(
fz
3
)(
fbump
0.2
)
fsup
×
(
0.1
e
)(
0.03
R
)(
EisoR
1050 erg
)
, (8)
where H0 ≈ 70 km s−1 Mpc−1 is the Hubble constant,
the factor 1/2 reflects that only half of the pγ reactions
produce pi±, the factor 1/4 accounts for the average ratio
of Eν/Epi in pi
± decay, fsup is the suppression factor due
to secondary pion and muon cooling (see Supplementary
Material), RGRB(0) is the local GRB rate, fz ∼ 3 is
the evolution factor [12], and fbump is the fraction of
GRBs with late bumps at tob ∼ 1 day. Observations
show that among GRBs with well-sampled optical data
up to days, ∼ 10% has late bumps around 1 day [37]. As
nonrelativistic outflows have wider opening angles than
the prompt jet, there could be orphan optical bumps,
which are, however, difficult to observe due to the lack
of triggers by the prompt γ-rays. So fbump could be as
high as ∼ 1.
Taking LisoR = 10
45 erg/s, EisoR = 10
50 erg, R = 0.03,
e = 0.1, B = 0.1, RGRB(0) = 2 Gpc
−3 yr−1, fbump =
0.2, and fz = 3, we compute the diffuse flux for a broad
range of Eν considering the details of the pγ reactions
(see Supplementary Material) and show in Fig. 3 the re-
sults for (R/cm, Γ) = (1016, 2), (1015, 2), and (1013, 10).
The linear rise in the flux at lower energy is due to the
increase of fpγ up to the peak with fpγ = 1. The decline
of the flux is due to meson cooling and at very high en-
ergies, to the lack of protons above Emaxp . For a fixed Γ,
increase in R shifts the neutrino flux to higher energies in
accord with Emaxν ∝ (RΓ3)1/2 [Eq. (3)], fpγ ∝ Eν/(RΓ4)
[Eq. (4)], and the energy Eν ∝ RΓ2 for significant me-
son cooling [Eq. (6)]. For (R/cm,Γ) = (1016, 2) and
(1013, 10), fpγ ∝ R−1Γ−4 are similar but meson cooling
takes effect at a lower energy for the latter with the cor-
responding flux at >∼ 1 PeV more suppressed. For com-
parison, the observed flux per flavor from the HE Start-
ing Events (HESEs) at IceCube in 7.5 years, E2νΦν+ν¯ ≈
2.2 × 10−8(Eν/100 TeV)−0.91 GeV cm−2 s−1 Sr−1 [51],
is also shown in Fig. 3. Using the effective area from
Ref. [52], we estimate ∼ 0.5, 1.0, and 0.3 events with
Eν ∼ 0.1–10 PeV at IceCube in 6 years, for (R/cm, Γ) =
(1016, 2), (1015, 2), and (1013, 10), respectively, which is
broadly consistent with our correlation analysis in view
of uncertainties in Eq. (8).
Summary and discussions.—We have shown that the
IceCube data allow possible correlation between a few HE
neutrinos and GRBs with a delay of ∼ 1 day and that
such neutrinos may have the same origin as the observed
late-time bumps in GRBs. This connection, if estab-
lished, can strongly constrain viable mechanisms for the
late bumps. In particular, the shocked outflow producing
the bump would have to be non-relativistic or mildly rel-
ativistic. So models involving external blast waves in the
ISM, such as refreshed shocks and two-component jets,
would be disfavored.
For most of the possibly correlated pairs in the data
that we have analyzed, the IceCube events are shower
events with direction uncertainties of σν ∼ 10◦. The
GRBs observed by Fermi Gamma-ray Burst Monitor
(GBM) also have relatively large direction uncertainties.
Both factors severely limit the significance of the corre-
lation. In contrast, using σν ∼ 1◦ for track events and
σgrb  1◦ for GRBs, we estimate that two such cor-
related pairs correspond to a significance of ∼ 3σ. If
more correlated neutrino events are observed in the fu-
ture, then the baryon loading, the total energy budget,
and the occurrence rate, etc. of the bumps can be con-
strained. Further, the magnetic origin for late bumps
would be disfavored because the associated shocks are
much weaker and HE neutrino production is suppressed
[35].
We have only considered the potential HE neutrino
signals from late GRB bumps and the strong constraints
on the associated shocks. For such late GRB neutrinos
from non-relativistic or mildly relativistic shocks, contri-
butions from the pp process are severely limited [25, 53]
and can be ignored. In addition, the constraints from dif-
fuse γ-rays are easily satisfied due to a large opacity for
γ-rays [48]. In order to identify the detailed signatures for
the connection between HE neutrinos and GRB bumps,
further studies of the EM signals in the X-ray/optical
bumps need to be pursued with consideration of the con-
straints derived here. The delayed HE neutrinos could
be expected from both long and short GRBs. With a
nearby short GRB from a binary neutron star merger,
such neutrinos would add to the multi-messenger obser-
vations in gravitational waves, broadband EM radiation,
and HE neutrinos on different time scales.
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6Supplementary Material
CORRELATION ANALYSIS
Characteristics of the 80 IceCube events observed in
six years, including deposited energy, observation time,
direction (R.A. and Decl.), and the associated errors are
available at http://icecube.wisc.edu/science/data/
HE-nu-2010-2014 (the first 53 events) and from Ta-
ble 1 in Ref. [54] (the last 27 events). IceCube events
caused by atmospheric muons are excluded from our
analysis. GRB samples are collected by the Gamma-ray
Coordinates Network (GCN). We use the samples avail-
able from the IceCube collaboration, formerly at http:
//grbweb.icecube.wisc.edu/index.php (GRBweb1),
and now at https://icecube.wisc.edu/~grbweb_
public/Composition_db.html (GRBweb2). For GRBs
that are not included or have no direction errors at
GRBweb2, we use the Fermi GBM Burst Catalog avail-
able at https://heasarc.gsfc.nasa.gov/W3Browse/
fermi/fermigbrst.html.
Following Refs. [38, 55], we define the likelihood func-
tion as
L =
N∏
i
[ns
N
Si +
(
1− ns
N
)
Bi
]
, (9)
where N = 80 is the total number of HE neutrino events,
ns is the number of neutrinos correlated with GRBs,
Si =
1
Ngrb
Ngrb∑
j
dSij × tSij , Bi =
1
Ngrb
Ngrb∑
j
dBij × tBij (10)
are the probability density functions (PDFs) for the i-th
neutrino event under the signal and background hypoth-
esis, respectively, Ngrb = 1833 is the total number of
GRBs observed during the six years of concern, dSij and
tSij are the directional and temporal PDFs for the i-th
neutrino event and the j-th GRB when they are corre-
lated, and dBij and t
B
ij are the corresponding PDFs when
they are not correlated.
For an uncorrelated pair of GRB and neutrino event,
both the directional and temporal PDFs are flat. We
take dBij =
1
4pi and t
B
ij =
1
T0
with T0 ≈ 2200 days being the
total exposure time. As in Ref. [56], the signal directional
PDF can be described by
dSij =
κ
4pi sinh(κ)
exp(κ cos θij), (11)
where θij is the angle between the directions of the i-th
neutrino event and the j-th GRB, and κ = (σ2i + σ
2
j )
−1
with σi,j being the direction errors. We add a systematic
error σsysgrb = 5.0
◦ in the quadratic sum for those GRBs
detected by the Fermi Gamma-ray Burst Monitor (GBM)
[57]. We introduce ∆Tij = t
ν
i − tgrbj as the observed time
difference between the j-th GRB and the associated i-th
neutrino event. Unlike Ref. [38], we distinguish the two
cases in which GRB neutrinos reach the Earth earlier
(∆Tij < 0) or later (∆Tij > 0) than the prompt γ-rays.
Assuming that the variation of ∆T is ∼ |∆T |, we use a
free temporal parameter Tg to specify
tSij(∆T ) =
{
1/Tg, if Tg < ∆T < 2Tg,
0, otherwise,
(12)
for ∆T > 0 (Tg > 0), and
tSij(∆T ) =
{ −1/Tg, if 2Tg < ∆T < Tg,
0, otherwise,
(13)
for ∆T < 0 (Tg < 0).
We define the test statistic as
λTg = 2 ln[L(nˆs)/L(ns = 0)], (14)
where nˆs is the best-fit value of ns at which L reaches its
maximum value for a given Tg. Below we follow Refs. [18,
38] to calculate the p-values and the upper limits.
We carry out 4 × 104 simulations of the data set by
randomising the directions and arrival times of all the
relevant IceCube events while keeping their directional
errors unchanged. We obtain a distribution of λTg based
on these simulated data sets. The p-value for a given
Tg is simply the probability of finding λTg > λ
obs
Tg
in the
distribution, where λobsTg is the test statistic based on the
true data set. We find that the most significant p-value,
i.e., the pre-trial p-value, ppre ≈ 9.5 × 10−3, occurs at
Tg ≈ 0.78 day with nˆs ≈ 4.7. To account for the trial
factor, we take each simulated data set as if it is the true
one and follow the procedure above to obtain a distribu-
tion of the pre-trial p-values. The post-trial p-value is
the probability of finding a p-value in this distribution
that is more significant than the pre-trial p-value for the
observed data. We find ppost ≈ 0.47, indicating that the
data are consistent with the null hypothesis.
A few possibly correlated pairs with the largest val-
ues of dSij × tSij for Tg > 0.1 day are listed in Tab. I.
Unfortunately, no long-term optical data at ∼ 1 day
were recorded for any possibly correlated GRBs. For
GRB110503A, X-ray afterglow was observed up to 106 s
but no bump was seen. Nevertheless, we highlight a few
possibly correlated observations. A 1.04 PeV IceCube
shower event is potentially correlated with the very in-
tense and short-hard GRB110808B. Their reported di-
rections are within 1σ error, and the arrival time of the
neutrino event is ∼ 21 hours after the GRB. In addition,
the most energetic track event with Edep = 2.6 PeV (not
included in our analysis) observed recently [58, 59] may
be correlated with GRB140610C, arriving ∼16 hours af-
ter this bright long burst, which has a systematic error
of 4◦–10◦ in its direction [57].
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ID Edep
(TeV)
Decl.
(◦)
R.A.
(◦)
Error
(◦)
GRB No. Decl.
(◦)
R.A.
(◦)
Error
(◦)
Long/
Short
tνi − tgrbj
(day)
θij
(◦)
63 97.4 6.5 160.0 1.2 GRB141207A 3.7 159.9 10−3 L 1.34 2.8
50 22.2 59.3 168.6 8.2 GRB140320B 60.3 145.6 0.05 L 0.81 11.6
14 1041 -27.9 265.6 13.2 GRB110808B -37.7 266.2 0.07 S 0.87 9.8
9 63.2 33.6 151.3 16.5 GRB110503A 52.2 132.8 10−4 L 0.93 22.9
23 82.2 -13.2 208.7 1.9 GRB120121C -1.34 208.9 5.3 L 2.3 11.9
TABLE I. Potentially correlated pairs of IceCube HESEs and GRBs with largest values of dSij × tSij for Tg > 0.1 day.
To obtain the upper limit on the number of IceCube
events correlated with GRBs, we need to simulate data
sets including different numbers of signal events. We
randomly choose Ni IceCube events and pair each with
a randomly chosen GRB to simulate the signal events.
We then randomly generate the directions and arrival
times of the selected IceCube events using the proba-
bility distributions in Eq. (11) and Eq. (12) or (13) for
a given Tg. The remaining 80 − Ni neutrino events
are simulated as background. For calculating the up-
per limit, we choose Ni to be 0, 1, 2, ..., 30, and
Tg = ±100.05i−1 day with i = 0, 1, ..., 46. For each
given Tg and Ni, we simulate 10
4 data sets and obtain
a normalized distribution PNi(λTg ) of the test statistic
λTg . For a given Tg and a given mean value 〈ns〉 for
the number of correlated events, we define a distribution
P〈ns〉(λTg ) =
∑
Ni
PNi(λTg ) exp(−〈ns〉)〈ns〉Ni/Ni!. The
90% CL upper limit 〈ns〉up for a given Tg corresponds
to
∫∞
λobsTg
P〈ns〉up(λTg )dλTg = 0.9, where λ
obs
Tg
is for the ob-
served data. The pre-trial p-value and the 90% CL upper
limit 〈ns〉up are shown as functions of Tg in Fig. 1 of the
main text.
CALCULATION OF fpγ
In the comoving frame of the shocked outflow, the time
scale for proton cooling due to pγ reactions can be esti-
mated from
t′−1pγ (E
′
p) =c
∫
d′d
[cos θ′
2
]
× κ(′′)σpγ(′′)dn
′(′)
d′
(1− cos θ′), (15)
where E′p and 
′ are the energies of the proton and
the photon, respectively, θ′ is their intersection angle,
dn′(′)/d′ is the energy-differential density of photons,
′′ ≡ (1− cos θ′)E′p′/(mpc2) is the photon energy in the
proton rest frame, σpγ is the cross section, and κ is the
energy fraction transferred to pions (inelasticity). The
factor 1/2 accounts for the approximately isotropic dis-
tribution of photons in the comoving frame.
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FIG. 4. Comparison of R-Γ contours for fpγ = 1 based on de-
tailed integration (red dashed curve) and analytical approxi-
mation (black dotted curve). See text for details.
We use
κσpγ(
′′) ≈
 κ1σ∆(
′′), 0.15 ≤ ′′ < 0.5 GeV,
κ1 × 2.0× 10−28 cm2, 0.5 ≤ ′′ < 1.2 GeV,
κ2 × 1.2× 10−28 cm2, ′′ ≥ 1.2 GeV,
(16)
where σ∆(
′′) =
(
s
′′
)2 σ0Γ2∆
(s−M2∆)2+Γ2∆s
is the cross sec-
tion for the ∆-resonance with s = m2p + 2mp
′′ being
the center-of-mass energy squared, M∆ = 1.23 GeV,
Γ∆ = 0.11 GeV, and σ0 ≈ 0.3 × 10−28 cm2. We take
κ1 ∼ 0.2 for the resonance channels and κ2 ∼ 0.5 for the
multi-pion production channels [60].
The photon flux of the bump from optical to X-ray is
observed to follow a simple power law dn()/d ∼ −Γγ
with Γγ ∼ 1.5–2 (see, e.g., Refs. [61, 62]). We assume
that this form extends from 0.1 eV to some photon en-
ergy Ec, which is taken to be 100 keV. The lower bound
is irrelevant as photons with energy lower than 0.1 eV
are below the threshold of pγ reactions and do not con-
tribute to production of HE neutrinos of <∼ 10 PeV. We
have also checked that our results are affected very little
when varying Ec from 10 keV to 1 MeV. We take Γγ = 2
to better fit the observed X-ray luminosity, which is typ-
8ically ∼ 10 times higher than the R-band luminosity for
the bump [36, 37]. The normalization of the photon spec-
tral density is determined by
LisoR =
∫
R−band
4piR2c
dn()
d
d, (17)
where LisoR is the optical R-band (520–800 nm) isotropic
luminosity at tob ∼ 1 day measured in the stellar rest
frame, and has typical values of 1045 erg/s [36, 63, 64].
Relating the comoving frame to the stellar rest frame,
we have dn′(′)/d′ ≈ dn()/d with  ≈ Γ′ being the
photon energy in the latter frame.
Taking the ∆-resonance approximation [48], we esti-
mate
t′−1pγ ≈ σˆpγc(′dn′/d′)]|′=0.5mpc2¯∆/E′p
≈ 5× 10−15 (R217Γ2)−1LisoR,45(E′p/GeV) s−1
≈ 2× 10−7(R217Γ3)−1LisoR,45(Eν,obzˆ/PeV) s−1, (18)
where σˆpγ ≈ 0.7 × 10−28 cm2, ¯∆ ≈ 0.3 GeV, zˆ =
(1 + z)/2, and Eν,ob ≈ 0.05E′pΓ/(1 + z). The fraction of
proton energy transferred to neutrinos via pγ reactions
can be estimated as
fpγ ≈ t′dyn/t′pγ
≈ 0.65(R17Γ4)−1LisoR,45(Eν,obzˆ/PeV), (19)
where t′dyn ∼ R/(Γc) is the dynamical time scale. There-
fore, fpγ = 1 in the ∆-resonance approximation requires
R17Γ
4 ≈ 0.65LisoR,45
Eν,ob
PeV
zˆ. (20)
Taking LisoR = 10
45 erg/s and Eν,obzˆ = 2 PeV, we show
in Fig. 4 the R–Γ contour for fpγ = 1 based on the inte-
gral in Eq. (15). This result is indistinguishable from the
analytical expression in the ∆-resonance approximation
[Eq. (20)].
MAGNETIC FIELD AND SYNCHROTRON
COOLING
In the literature, B and e are usually introduced as
the fractions of the internal energy of the shocked fluid
transferred to the magnetic field and electrons, respec-
tively. All the energy of electrons is emitted in EM ra-
diation. From the observed photon flux, we can then
estimate the total kinetic energy of the shocked outflow
and the energy carried by the magnetic field. The energy
density of electrons is given by U ′e = L
iso
γ /(4piR
2Γ2c) =
LisoR /(4piRR
2Γ2c), where R = L
iso
R /L
iso
γ is the ratio of
the photon energy in the R-band to that in all bands.
With U ′B = B
′2/(8pi) = U ′eB/e, the magnetic field is
B′ =
√
2LisoR B
ReR2Γ2c
≈15
√
LisoR,45R
−2
17 Γ
−2
( B
0.1
)(0.3
R
)(0.1
e
)
G. (21)
For charged particles (including protons, pi±, and µ±)
with mass mi and energy E
′
i, the synchrotron cooling
time scale is given by
t′syn,i =
6pim4i c
3
σTβ′2i m2eE
′
iB
′2
≈ 2.6× 1016
( mi
GeV
)4(GeV
E′i
)(15 G
B′
)2
s, (22)
where σT ≈ 6.65× 10−25 cm2 is the Thomson cross sec-
tion, and β′i = vi/c ≈ 1 is the velocity of the charged
particle in unit of c.
In Eq. (8) of the main text, the suppression factor fsup
due to the secondary meson cooling can be approximated
as [23, 24]
fsup ∼
t′−1dec,pi(E
′
pi)
t′−1dec,pi(E′pi) + t
′−1
syn,pi(E′pi)
×
(
1
3
+
2
3
· t
′−1
dec,µ(E
′
µ)
t′−1dec,µ(E′µ) + t
′−1
syn,µ(E′µ)
)
, (23)
where t′dec,i(E
′
i) = (E
′
i/mi)τi are the decay time scales
with mi and τi being the relevant masses and lifetimes
and E′pi ≈ 2E′µ ≈ 0.2E′p.
REQUIRED DENSITY FOR DENSITY BUMP
MODELS
For a blast wave in an ISM with a constant density n0,
the internal energy of the shocked ISM in the stellar rest
frame is EISM ∼ 43piR3n0mpc2Γ(Γ − 1) [15]. Consider a
simple case where the EM bump is mainly emitted from
the shocked ISM, i.e., neglecting the contributions from
the reverse shock, the energy radiated in the R-band is ∼
EISMeR, which is required to match the observed energy
EisoR ∼ TdurLisoR ∼ 1050 erg, with Tdur being the duration
of the bump. Considering R17Γ
4 <∼ 1 at tob ∼ 1 day for
efficient production of ∼ PeV neutrinos [see Eq. (5) of
the main text], we obtain that n0 should be as high as
∼ 5× 103 cm−3 Γ11(Γ− 1)−1EisoR,50(0.1/e)(0.03/R).
